Stat 200C, Spring 2010 Ferguson
Solutions to Exercise Set 9.

20.5.(a) Eg(X) = (1 — 6) + 20 = 1+ 6, so the method of moments estimator of 6 is

(b) The log likelihood is £, () = > log[(1 — #)e™ + 6(1/2)e~*:/?], so the likelihood
equation is
—e "2 4 (1/2)
0 (0) = ¢ -
n(0) Z (1—0)e—=i/24+6(1/2)

One may improve ,, by the Newton method formula 6, = 6,, — ¢, (8,,) /" (6,,), where

" _ (eixi/Q — (1/2))2
GO == 2 et o0 2F

22.1. (a) The likelihood function is L = [[(1/v/2rc)e~(¥i—o—F=)*/20°  The MLE’s
under the general hypothesis, H, are 3 = Sy /82, & = Y—f3X,and 62 = 1 Z(Y a— B:l:z) )
We have supy; L = (1/v/276)"%e~"/2. Under Hy, the MLE’s are & = 3 = Y. Y;(2; +
1)/ > (zi +1)?, and 6% = 1 3°(Y; — @(z; + 1))?. We have supy, L = (1/ 275 )e /2,
The likelihood ratio statistic is A = (6/&)™. The likelihood ratio test rejects Hy if A
is too small. This is equivalent to the test that rejects Hy if 62/62 is too large, or if
F = (62 —6?)/(;56?) is too large. This is the usual F-test of Hy. Under Hy, the statistic
F has an F-distribution with 1 and n — 2 degrees of freedom.
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(b) If 02 is given, the estimates of a and (3 are the same as in (a). Here we have
supy L = (-2 )”e*”&Q/QUQ, and supy, L = ( 210)"e "% /29" The likelihood ratio

2mo
statistic is A = exp{—525 (6% — 62)}. The hkehhood ratlo test rejects Hy if A is too small.
This is equivalent to the test that rejects Hy if 62 — 62 is too large. This statistic is the
numerator of the F' above. It has a chi-square distribution with 1 degree of freedom.

22.5.(a) The likelihood function is L(ju, ) = e~ u>Xie=m99%Yi /(T z;!y;!). The max-
imum likelihood estimates under the general hypothesis are fi,, = X,, and én =Y,. To
find the maximum likelihood estimates under Hy, we replace p by 62 in log L and take a
derivative with respect to 6.

l er—_ - =
og L 2n6 + n 4+ 0

Solving the quadratic for 6 gives 6, = (—1 + /1 + 8(2X + Y))/4 as the MLE of # under
Hy. The likelihood ratio statistic then becomes
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(b) —2log A, £, X} as n — 0o0.



