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Solutions to Exercise Set 6.

12.4. (a) Write Z−EZ =
∑N

1 (zj−z̄N)a(Rj) and T−ET similarly. Then, Cov(Z, T ) =
Cov(Z −EZ, T −ET ) =

∑N
1

∑N
1 (zi − z̄N )(tj − t̄N )Cov(a(Ri), b(Rj)). There are only two

values of Cov(a(Ri), b(Rj)), namely when i = j and when i �= j. Moreover,

Cov(a(R1), b(R1)) =
1
N

N∑
i=1

(a(i) − ān)(b(i) − b̄N ) = σab,

and

Cov(a(R1), b(R2)) =
1

N(N − 1)

∑ ∑
i�=j

(a(i) − ān)(b(j) − b̄N )

=
1

N(N − 1)

[
−

∑
(a(i) − āN )(b(i) − b̄N )

]
= − σab

N − 1
.

Therefore,

Cov(Z, T ) =
N∑

i=1

(zi − z̄N )(ti − t̄N )σab +
∑∑

i�=j

(zi − z̄N )(tj − t̄N )(− σab

N − 1
)

= Nσztσab −
σab

N − 1

[
−

N∑
i=1

(zi − z̄N )(ti − t̄N )

]

= Nσztσab +
N

N − 1
σztσab =

N2

N − 1
σztσab.

(b) Let SN = αZN/N2 + βTN/N3. We show SN is asymptotically normal and apply
Exercise 3.2 of the text. We have z̄n = t̄n = b̄n = (N +1)/2, āN = m/N , σ2

z = σzt = σ2
t =

σ2
b = (N2 − 1)/12, σ2

a = mn/N2 and σab = −mn/(2N), where n = N − m. Note that
SN =

∑
zjc(Rj), where c(Rj) = αa(Rj)/N2 + βb(Rj)/N3. We have

(c(j) − c̄N)2 =
(

α

N2
(a(j) − āN ) +

β

N3
(b(j) − b̄N )

)2

=
α2

N4
(a(j) − āN )2 +

2αβ

N5
(a(j) − āN )(b(j) − b̄N ) +

β2

N6
(b(j) − b̄N )2

and

σ2
c =

α2

N4
σ2

a +
2αβ

N5
σab +

β2

N6
σ2

b

∼ α2

N4
r(1 − r) − αβ

N4
r(1 − r) +

β2

12N4



From this we see that both maxj(c(j)−c̄N)2 and σ2
c tend to a constant when divided by N4.

Thus the ratio stays bounded. We already know that maxj(zj − z̄N )2/σ2
z stays bounded,

so we have δN → 0. This implies that the normalized version of SN is asymptotically
normal. From

Var(ZN ) =
N2

N − 1
σ2

zσ2
a ∼ N3

12
r(1 − r)

Var(TN ) =
N2

N − 1
σ2

t σ2
b ∼ N5

122

Cov(ZN , TN ) =
N2

N − 1
σztσab ∼ −N4

24
r(1 − r)

we find that the variance is

Var(SN ) =
α2

N4
Var(ZN ) +

2αβ

N5
Cov(ZN , TN ) +

β2

N6
Var(TN )

∼ 1
N

(α2 r(1 − r)
12

− 2αβ
r(1 − r)

24
+ β2 1

144
).

Hence,
√

N(SN − ESN) =
√

N (α(
Z

N2
− r

2
) + β(

TN

N3
− 1

4
))

L−→ N (0, α2 r(1 − r)
12

− 2αβ
r(1 − r)

24
+ β2 1

144
)

from which the result follows.

13.2. (a) The pth quantile of F is ui + θ. So for Zi = X(�npi�) − ui, we have from

the Corollary of Chapter 13,
√

n(Z − θ1) L−→ N (0,Σ), where Σ = (σij) and for i ≤ j,
σij = pi(1 − pj)/(f(ui)f(uj)).

(b) Using Lagrange mulipliers, write ϕ(a) = aT Σa−λ1Ta. Then ϕ̇(a) = 2Σa−λ1 =
0 has solution a = λΣ−11/2. To find λ, 1 = 1T a = λ1T Σ−11/2, so that λ = 2/1T Σ−11.
Therefore, a = Σ−11 /1T Σ−11.

(c) Let gi = f(ui) for i = 1, . . . , k, and let p0 = 0 and pk+1 = 1. Then Σ−1 =
(
σij

)
,

where

σij =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(pi+1−pi−1)g
2
i

(pi+1−pi)(pi−pi−1) if j = i

− gigi+1
(pi+1−pi)

if j = i + 1
− gigi−1

(pi−pi−1)
if j = i − 1

0 otherwise.

(d) For the uniform distribution, gi = 1 for all i, so the vector Σ−11 is the transpose
of (1/p1, 0, . . . , 0, 1/(1 − pk)), and θ̂ = (Z1/p1 + Zk/(1 − pk))/(1/p1 + 1/(1 − pk)).


