Stat 200C, Spring 2010 Ferguson
Solutions to Exercise Set 6.

12.4. (a) Write Z—EZ = Zjlv(zj —Zn)a(R;) and T—ET similarly. Then, Cov(Z,T) =
Cov(Z —EZ,T—ET) = XV SN (2 — zn)(t; — tn)Cov(a(R;), b(R;)). There are only two
values of Cov(a(R;),b(R;)), namely when ¢ = j and when ¢ # j. Moreover,
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(b) Let Sy = aZn/N? + BTn/N3. We show Sy is asymptotically normal and apply
Exercise 3.2 of the text. We have z, = t, = b, = (N+1)/2,axy =m/N, 02 =0, =0? =

= (N? —1)/12, 02 = mn/N? and o, = —mn/(2N), where n = N — m. Note that
SN = > zjc(Ry), where c(R;j) = aa(R;)/N? + Bb(R;)/N3. We have

(i) = ex? = (z(0li) ) + 7500) ~ b))
= Cra) — )+ 2D a(G) — ) 0)  b) + T (b) — B
and , 20 e
a? 10\6[4 P % b+ NG Jg
a? af 32
~ mr(l r) — mr(l —r)+ TN



From this we see that both max;(c(j)—¢cn)? and 02 tend to a constant when divided by N*.
Thus the ratio stays bounded. We already know that max;(z; — zZy)?/0? stays bounded,
so we have oy — 0. This implies that the normalized version of Sy is asymptotically

normal. From
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we find that the variance is
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from which the result follows.

13.2. (a) The pth quantile of F'is u; + 0. So for Z; = X([pnp,7) — ui, we have from
the Corollary of Chapter 13, v/n(Z — 01) £, N(0,X), where ¥ = (0y;) and for i < j,

i = pi(L —pj)/(f (ui) f(uy)).

(b) Using Lagrange mulipliers, write p(a) = a’¥a—A1Ta. Then ¢(a) = 2Xa—\1 =
0 has solution @ = AX711/2. To find A\, 1 = 1Ta = A\17X711/2, so that A =2/17¥"'1.

Therefore, a = X711 /17X~ 11.

(c) Let g; = f(u;) for i =1,...,k, and let pg = 0 and pry1 = 1. Then X~ = (¢¥),
where ,
(Pi+1fpi—1)9i oo s
(Pi+1fpi)(Pi*Pi—1) lf‘] =1
ol = — S if j=i+1
~GrepiD) if j=1i-1
otherwise.

(d) For the uniform distribution, g; = 1 for all 4, so the vector ¥ ~'1 is the transpose
of (1/p1,0,...,0,1/(1 = px)), and 0 = (Z1/p1 + Zx /(1 — px))/(1/p1 + 1/(1 — pi))-



