Stat 200C, Spring 2010 Ferguson
Solutions to Exercise Set 4.

7.8. To find the asymptotic distribution of 6% = mg — (my1ms/ms2), we need the
asymptotic joint distribution of (m1, ma,ms). From the central limit theorem with EX =
w1 = 0, we have
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where
Var(X) Cov(X, X?) Cov(X,X3)
¥ = | Cov(X,X?)  Var(X?) Cov(X?, X3)
Cov(X, X3) Cov(X?,X3)  Var(X3)

Now apply Cramér’s Theorem with g(mi,ma2,m3) = ma — (mims/ms2) = 2. We find
g(m1,ma,ms) = (=ma/ms,1 + (mims/m3), —m1/ma) and §(0, p2, p3) = (—pa/p2,1,0).
Using Var(X) = pa, Cov(X, X?) = uz and Var(X?) = py — p3, we find §X g1 = pg — p3 —
(12 /p2). Therefore, \/n(62 — u2) £, N(0,72), where 72 = jg — p3 — (u3/p2). This is less
than or equal to py — p3 with equality if and only if puz = 0.

All two-point distributions with means zero are equivalent, up to change of scale, to
one of the distributions, P(X = —1) =a/(a + 1), P(X =a) = 1/(a + 1), for some a > 0.
We find
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So 72 =y —p3— (p3/p2) = a(a® —a+1)—a* —ala—1)? = 0.
8.2. (a) Let us denote the product axb central moment by pap = E[(X —p2)* (Y —py))?],
and its sample estimate by map, = (1/n) 3.7(X; — X,)*(Y; — Y)b. From Theorem 8(a) we
may deduce
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where C'(X X, XX) = pgo —os, CYY, YY) = pog — 03, and C(XX,YY) = pos — 0202

..
Now we use Cramér’s Theorem with g(z,y) = log(z/y) and g(x,y) = (1/x,—1/y) to find
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(b) If we let 42 denote the variance of the limit of \/n(Z,, — 6), then we may estimate
72 by 42 = bao — 2baa + bos, where by = map/ (52 sg). Then an asymptotically distribution-
free confidence interval for 0 at level 1 —a'is Z, — 24 29/v/n < 0 < Zy 4 24 27/+/n, where
Zq/2 is the a/2 cutoff point for the standard normal distribution.



9.6. X and Y are independent if and only if P(X =1,V =1)=P(X =1)P(Y =1).
This becomes p11 = (p11 + p12)(P11 + P21), Or p11 = pi; + P11P21 + p1ip12 + Pi2p21, OF
p12p21 = p11(1 — p11 — p12 — p21) = p11p22. This is the equation 6 = 1.

(a) The asymptotic distribution of p = (p11, P12, P21, P22) is given by

Vi(p —p) == N(0, P — pp”)
s0, using g(p) = p11p22/(p12p21), we have
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Therefore, /n(6,, — 0) £, N(0,0?), where
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(b) Now let g(0) = log(f), with g(0) = 1/6. We have
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