Stat 200C, Spring 2009 Ferguson
Solutions to Exercise Set 1.

1.4. (a) The density of X is fx (x) = ax=* 1 I(x > 1). Therefore the expected value of
XisE(X)=a [ 27%dz = a/(a—1). The second moment is E(X?) = a [~ 27" dz =
a/(a — 2). The variance is therefore E(X?) — (E(X))? = o/((a — 1)*(a — 2)).

(b) If Y = (¢ — 1) X — «, Then for y > —1,

P(Y <y) = P((a—1)X —a <y) = P(X < 21
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as a — o0o. This is the distribution function of the exponential distribution of mean 1,
centered at its mean.

2.1. (a) The density of Y is

fly) = exp{—ae’W™) L any(y —0)} for —oo<y<oo.

0 is a location parameter since this depends on y and 6 only through the difference y — 6.
(b) EY = (1/v)Elog(X). Make the change of variable U = X /@ to find

BY = (1/3) [ (log(u) + log()e~ """ du/Ta) = (1/7)[b() + log(5)
— 0+ (1))  log(a)].
Similarly,
BY? = (1) [ (og(u) + log(8)e"u " du/T(a)
— (1/4)[I"(a)/T(a) + 21og(AT(0) + (10 (B))?].

Since ¢'(a) = (d/de)I"(a)/T() = (I''(a) /T(a)) — (1b(a))?, we have EY? = (1/9%)[¢' () +
$(a)? + 2log(B)(a) + (log(8)?], and VarY = (1/2?)¢(a) = o”.

(c) If we let v — 0 with 6 and o fixed, then a — oo since y?0? = ¢/(a). From
Stirling’s formula, I'(a) = (1/a)(I'(a + 1) ~ (1/a)a“e™“V2ma, we have

fr(y) ~ ’y’j_f exp{—ale™ 0 —y(y— 0) — 1]}.

Since ay)’ (o) — 1, we have v2a — 1/02. If the term ¢7(¥~? is expanded in a power series,
the first two terms cancel and the limit as v — 0 becomes fy (y) — (1/v27w0) exp{—(y —

0)%/(20%)}.



