Solution to Exercises 7.7.12 through 7.7.15.

7.7.12. (a) Let Zy, Z,,... be i.i.d. with M(t) = Ee!?, and suppose for some 0 < p < 1 that M(t;) =
M(tg) = 1 for some t; # to. Since M is convex and M (0) =1, ¢; and to are of opposite signs, so we take
t1 < 0 < to without loss of generality. The Fundamental Identity gives

B(e#5V pN) = BN pN) = 1

For N = min{n > 0:a < S, < b}, the Wald approximations are obtained by replacing Sy by a when
Sy < a,and Sy by b when Sy >b.

e29EpN1(Sy < a) +e2PEpNI(Sy > b) =1
e EpNI(Sy < a) + " PEpNI(Sy > b) =1

Solving for EpNI(Sy < a) and EpNVI(Sy > b) and summing gives

etla _ etga + etgb _ etlb

N _ N N _
Ep” =Ep"I(Sy <a)+Ep"I(Sy >0) = O ——E——

The denominator is never zero since t2b + t1a > 0 and tza + t1b < 0.

(b) For Example 1, where Z; = z with probability p and Z; = —z with probability 1 —p and we take
a = —jz and b = kz for some j and k, there is no excess over the boundary, so the Wald approximation is
exact. The equation for ¢; and t5 is M(t) = pet* + (1 — p)e™** = 1/p. This is quadratic in = = €t*, with

solutions
1—+/1—4p2p(1 —
1y(p) = e = LTV p(1-p)
2pp
1 1—4p%p(1 —
za(p) = e* = + P2 p).
2pp

Substituting this into the formula for EpY of part (a), we find

Ep" = r !y o
EER
7.7.13. Using the fact that > 7" B, (0)M,(0)™" = EgMy(t)"NI(Sy > b) and > 7" A, (0) M, (0)™" =
EoMjy(t)~NMI(Sy < a), we may write equation (7.89) as
(1—0)et? N (14 f)eta N
1l=———"""FEgMpy(t I(Sy > b)+ ———EgMy(t I(Sy <
i—0-1" o(t) (N_)+(1+9+t)9 o(t)""1(Sn < a)

We solve the equation My(t) = 1/p for t, namely, p(1 —60%) =1 —(6+41)?, and find that there are two roots,

t1=—0—+/1—p(1—06%) and to = —0+ /1 — p(1 — 02) with t; < 0 < t2. We have the two equations,

(1 —f)eti®
(1-0-1)

(1+0)etie

STDC B NSy < a) =1
Q16+t " (Sv < a)

Eop™N1(Sn > b) +

for i =1,2. Solving for Egp™V1(Sx > b) and E¢pV1(Sy < a) and summing gives

(1+6) (1+6) : (1-0) 2b (1-0) b
EooN — T — T € T T € e
0P T T 00 (40 _iyhita _ (=0 (0 _ibtiea

(1—0—t2) ~ (14+6+t1) (1—0—t1) ~ (1+0+t2)



7.7.14. (a) For all n > 1, we have P(N >n) =P(e; =0,...,6,_1 =0, N > n) = p» 'P(N > n). Then
assuming pg < 1,

EN:inP(N ZPN>n Zpg 'P(N > n)

o0 o0
=3 PPN =n)+> pp 'P(N>n+1) =Epy '+ pf PPN >n)
1 1

= Ep) '+ py '[EN —1].

Solving for EN, we find EN = (1 — Epév)/(l — o).
(b) The result follows immediately from the computations

[ee] (o]
P(SN=—|-oo)=ZP(N=n,Sn=+oo)=ZP(61=0,...,en_1=0,en=oo,N2n)

1
> A
=Y 0y 'pyP(N > n) =p EN =py (1 - Ep)/(1 - po)
1
using (a). (Note the misprint in the text.)
(c) Similarly,

e}

P(bSSN<OO)=

7.7.15. We have
Z; =log

X)) 1o ifx; =2
Under Hy, P(Z; = —log2) =4/5 and P(Z; =log2) =1/5, so we may use the formulas of Example 1, pp.
377-378, with p = 1/5 to find

1—477
4k — 43

554 —1)—k(1 =47
wnd B(o) = 3 [T =

Qg =

Under H;, we may use Exercise 7.7.14 with Z; = Z; + €;, where

5 _ —log2 with prob. 1/2 and e — 0 with prob. po = 4/5
7 | +log2 with prob. 1/2 ‘" | 400 with prob. p =1/5

and p_ = 0. To compute E{N|H;} from Exercise 14(a), we need Epd which may be found from Exercise
12(b). Putting p = pp = 4/5 and p = 1/2 in the formulas for Exercise 12(b), we find z1(pg) = 1/2 and
22(po) = 2 so that

BN 20 — 27942k 27k (274 2k) —2-(tR)(2k 4 27y 27 4 2k
Po = 7ok —o-Grh) (29+k 4 1)(1 —2-G+k))  — 20+k 41

Then from Exercise 14(a),

(2 - 1) - 1)

1 ~
E{N|H,} = m(l —Epy) =5 tE 1



(Note the misprint in the text.) To compute ay =1 — P(Sy = +00) — P(b < Sy < o0), first use 14(b) and

the above to find

) ) )
P(Sy = +o0) = p4+ E(N|H1) = £5(1 — Epy) =1 —Epj’.

From 14(c), we must resolve the equations of 12(a) for EpVI(Sy > b) alone and solve the analog of 12(b).

We find

etla _ etga

P(b S SN < OO) = Epévl(‘é’]\? 2 b) = et1a+t2b _ etga-i—tlb

-3 _ =7 j_ o9—j
T Tq 2 2

j Tk itk _ 9—(jtk)

=—= 2
LoXy™ — Ly Ty

since we have already found x; = 1/2 and 25 = 2. Combining all this, we have

20 977 42k 02—k 2) — 977

2k _ 2—k

ar =Epl —P(b < Sy < o00) =

20tk —9-G+k)  2ithk —-(+k)  2itk — 9-Gth)’



