Solutions to the Exercises of Section 3.5.
3.5.1. (a) flz))) = e et 8™ /zt for £=0,1,....

So, k=1, ¢(\) =e*, h(z) = 1/z! for x =0,1,..., 7(\) = log(\) and t(z) = x. The natural parameter
space is IT = {m: Y > (€™ /a! < oo} = (—00,0).

x

(b) F(z0) = (T +i‘ 1) exp{zlog(0)} (1 — 6)" for z=0,1,....
So, k=1, c(0)=(1-0), h(z) = ("T""") for 2 =0,1,..., 7(6) = log(d), t(z) ==z, = (—00,0).
() f(@]0) = (V2ro) ™" exp{—(z — p)*/(20%)}
= (V2r0) ™! eXp{—;?? + J;—/; - ;7 .

So, k =2, c(0) = (V2ro) "exp{—p?/(20%)}, h(z) = 1, m(0) = —1/(20°), m2(0) = p/o?, ti(z) = a2,
ta(x) =z, and 11 = {(my,m2) : m < 0,—00 < T2 < 0o}. For a sample of size n, (3 X;, > X?) is sufficient
for 6, and so is (X, s2).

(d) f(zla, B) = 1/(T(a)B*) exp{—z/B + (a — 1) log(z) }(0,00) (x)-

So, k=2, ¢(a, 8) = 1/(T()3%), h(z) = x‘ll(om)(x), m = —1/8, ti(x) = x, 72 = «, t2(x) = log(x),
IT = {(m1,m2) : m < 0,73 > 0}.

(e) f(@la, B) = (e + B)/(D()T'(8)) exp{ (o — 1) log(x) + (8 — 1) log(1 — ) }(o,1)(x).

So, k=2, c(a,B) = T(a+ B)/(T(a)l(8)), hz) =2 (1 —z) p)(2), 7 =a, ti(z) =log(z), m = B,
ta(z) =log(l —z), = {(7r1,7r2) :m > 0,7m > 0}.

3.5.2. From (3.55), —logc(m) = log [ exp{d_ m;ti(x)} h(x) dz. From Lemma 3, we may pass derivatives
beneath the integral sign and obtaln
—0log () /Omy = / (2) exp( 3" mita()} () dac efm)
= Ex{te(X)},

valid at all interior points. Hence, Er{t;(X)} exists at all interior points and we can take a second derivative,

—9%logc(x )/87@87%—/ eXp{Zm i x) dx ()

/tk eXp{Z ity ( x) dz dc(m) /O
= Ex{t;(X)tx(X)} — Ex{tr(X)}Ex{t;(X)}
= Covyg (t;(X), tr(X)).

3.5.3. The joint density of X;,..., X, is

fxx|m) = e(x)" Hh(xi) I(7; < minz;, maxx; < 72)
1

where ¢(m fm h(z)dz. Let Ty = min X; and T» = max X;. Then for m <t <ty < ma,

P(Th > t1, Ty < to|m) = P(all X; € (¢ t2]|m) = c(m)" (/:2 h(z) dx>n.



From this we conclude

0

t1, to|m) = ———P
fThTQ( 1, 2|E) 8t1 8t2

(Th < t1, T > to|m)

— n(n —1)e(z)" ( /t Ch(@) dx) Rt h(t)I(my <t <ty < m2)
= ()" ho(t)L(x; ,00) (F1)(—00,my) (t2),

where

ho(t) = n(n —1) ( /t t h(z) dx)n_Q h(t)h(ts)I(t < t2).



